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The complex sequence (¢, )i~ is assumed to be normal. In the separable Hilbert
space (H,{-,-)) we solve the “operator moment problem”: Find 4 € B(H) such
that (A*uy, ug) =c, (k =0, 1,...), (1, € H). A compact <> (c,), has meromorphic
generating function f(z) = Y"® , c,z*. Padé-type approximants to f; sometimes the
ordinary Padé approximants, are obtained as solutions of certain approximate

Fredholm equations generated by projections onto finite dimensional subspaces.

INTRODUCTION AND SUMMARY

In 1963 Chisholm [4] showed that Fredholm integral equation techniques
can yield convergence results for Padé approximants associated with the

Neumann series solution of such an equation. Compare also [5].

Since then, a number of contributions in this direction have appeared. We
mention especially Baker’s 1975 paper [1], containing many results and
applications. In the present paper we exploit the so-called moment method

due to Vorobyev [8].
With the Fredholm equation

X =zAx + ug,

(n

where 4 is a compact operator on the separable Hilbert space (H(, -)); x,

u, € H; z € C, we associate the “approximate equation”

X, =ZzZA,x, + uy,

set in the subspace U, =span(u,, Aug, A’ugs.... A" 'u,) of H. Here

A,:U,- U, is the solution of Vorobyev’s moment problem:
“Find an operator 4,: U, — U, satisfying

Afuy = Aku,, (k=0,1,.,n—1),

A:uﬂzEnun’
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where E, is the orthogonal projection of H onto U, and u,=A4"u,.” A, can
be extended to all of H by putting 4, = E,AE,. For (1) we have the solution
in the form of a Neumann series,

X =uy+ zAuy + z2*A%uy + -,

valid at least for all z € C satisfying |z| <] 4]~".
Putting (4 "u,, u,) =c, (=0, 1....) we have

oo
up)= Y c,2" =f(z2).
n=0
We show that {x,, u,) is the |n — 1/n]-Padé-type approximant for f.

Vorobyev proves: x, — x strongly. This implies a convergence result for
these approximants (see Theorem 2.1). If the operator 4 in (1), apart from
being compact, is, moreover, assumed to be simple (see Definition 1.1), then
{x,,uyy is the [n — 1/n]-Padé approximant in the ordinary Padé table and
we have a convergence result in this case also: Theorem 1.3.

In the case of a non-simple compact operator 4, we modify Vorobyev’s
moment problem in order to obtain results on convergence in the ordinary
Padé table. We resort to something akin to oblique projection (see
Baker [2]). An important feature of these methods is that we get results on
the rate of convergence of (x,,u,)— (X, u,). (See (1.8).) This brings in the
question: Given a power series Y o ,c¢,z", in advance, can we find a linear
operator A (at least bounded) such that (4"u,,u,)=c, (n=0, 1,...)? This
problem, referred to as the “operator moment problem,” is treated in
Section 4. In the case >_° ,c,z" represents a meromorphic function, which
is regular at 0, a compact operator can always be found. Hence the
techniques indicated above can sometimes be used as a method in
convergence theory of the Padé table. Apart from these applications, the
operator moment problem seems to be interesting in its own right.

1

Throughout this paper H will denote a separable Hilbert space with inner
product (-, -).

Vorobyev [8] considered the following moment problem:
Given a bounded linear operator 4 on H and u, € H (u,+# 0), construct a
linear operator 4, on the subspace U, = span(uy, &; ..., 4,_,) satisfying

A*u, = A*u, (k=0,1,.,n—1), W)
1.1
E,u,=E,A"u,=A%u,,

where E,, is the orthogonal projection onto U,.
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The operator 4, so obtained plays a major role in the convergence theory
of the approximations we consider in this paper. We introduce the sequence
(c,)>_, defined by

e, ={d"uy,u;)  (n=0,1,..). (1.2)

We will assume always that (c,)_, is a normal sequence, i.e., all deter-

minants

Cm Cm+i Crmin—1
c c c
I B L
Cmt+n-1 Cmin Cmian—2

differ from zero. This has the geometric implication that dim U,=n
(n=0, 1,...). This can be proved as follows:

Consider the (n X n)-matrix (a;);,, where

ay=,v)  (bj=0l.,n—1),

and u;=A'ug, v;=(A*Y u, (i,j=0, 1,...).
Here A * denotes the adjoint of 4. The determinant of this matrix, e.g.,

(Ug, Vo) (Ugs vy) (Uos Un—1)
<u1’.vo> <u1ivl> <ul’1.)n—l> ,
(Up—15 Vo) (Un_150y) Up_15Vp_1)
is ’
Co ¢, oo
e T 0 e
Cn_1 Cy Cin—2

If the vectors ug,u,,..., 4,_, were linearly dependent then the same would
hold for the rows of H{”. This is impossible.

We put £, u,=—agu,—o,u, —--- —a,_,u,_,, where the a; are complex
numbers. We can write

Ar+a, A"+ +aglu,=0.

In the following we use the notation P,(4,) =A%+ a,_ A" '+ - + a,l. In
the rest of this section we will consider only those bounded operators
A: H— H that are simple.
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DEerFINITION 1.1. The bounded linear operator A is said to be simple if
with u, =A%, (k =0, 1,...) and v;= (A*Y uy (j =0, 1,...)

SPAN(Ugs Uy sers Uy 1) = SPAN(Ug, Uy ey )y _ 1)y Yn €N,
holds.
An important special case of a simple operator is a bounded self-adjoint
operator. On the other hand, there exist simple non-self-adjoint operators.
For the coefficients ¢; of the polynomial function P, considered above, a

system of equations can be found by observing that u, — E, u,, is orthogonal
to the space U, = span(u,, U, ,..., #,_,) = span(uy, v, ,..., v,_,), whence

(u,—E,u,,v,y=0 (k=0,1,.,n—1)

Written in full

(ugsvg) @y + Uy, V) ay +o-4 (U 00, + (U, vy =0
(Uorv)ag + (v ey +o4 Uy v, + (U,,0p) IQ’

(UgsVy_ 0o+ (U 0y )0+t (U0, )0+ (U0, ) =0,

(1.3)
or equivalently
Cotg + cp +eo 4+ 0, + Cy = 0,
Cho1Qy + €0y + o+ g0,y + 6y = 0
We put
Co 49 Cn
(5 C, v Cpyy
4,(z)=| : : : : (z€C).
cn—l n cZn—l
" ! 1

See Baker [I, p. 816].
It is easy to verify that

z"P,(z7) = 4,(2)/H}]. (1.5)
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From (1.5) it follows (Perron (7, p. 243] that z"P,(z ') is the denominator
of the Padé approximant [n— 1/n], for 3", c,z" = f(2).

In the first part of the proof of the following theorem we use an argument
due to Brezinski {3, pp. 132-133].

THEOREM 1.1. Let x, be the solution of the equation x,=zA,x,+ u,
(x,€U,) and z~' not an eigenvalue of A, which is the solution of the
moment problem (1.1) for the simple operator A. Let c,= (A"uy,u,)
(n=0, 1,..) and assume that (c,)y., is normal. Then {x,,u,) = [n—1/n|;

Jor fz)=2" o cp2".

Proof. P, denotes the characteristic polynomial of 4,,. As n + 1 elements
of U, are linearly dependent, numbers S, f,,..., 5, exist (not all equa! to
zero) with

[ 1=

ﬁiA:;“o =0,
i=0

and so

S BAk uy=0  (k=0,1,.).

i=0
Put

(Alug, ugy =ci™ (i=0,1,.),
to obtain

S Bieii=0  (k=0,1..). (1.6)

0

For a value of z regular with respect to 4,

o]
(s tto) = (I — 2z4,) P ug,up) = > cMz'.
i=o

This last series is a recurrent series in view of (1.6) so it is a rational
function @, _,(z)/P,(z) (indices representing degrees).

Any zero z of P, makes I — zA, singular, hence z~' is an eigenvalue of
A, ; in other words, z~! is a zero of P,. Hence P,(z) is the denominator of
[n—1/n), for f(z)=YToc,z" We already know c{”=¢; (i=0, 1.,
n — 1). We only have to show that

1

cE"’:ci (i:n,n + 1,..,2n — 1),
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also holds. Consider the product (3>, c;z")(z"P,(z")). The coefficient of
z* (where K € {n,n + 1,...,2n— 1}) is

QoC_nF 0 Cp_ gyt oo+ 0y Gy 6

Then

o
(@oChn+ @ Ch_ iy + o+ Oy Oy +0) H,

is equal to the determinant obtained from 4,(z) upon replacing the last row,
Le, z" z" ..., 1 by the TOW C;_,, Cx_pi1ses Ck_1s Cx- But the determinant
so obtained is equal to zero. Ml

Remark 1.1 The coefficient of z2" in the product above is
AoCp+ A Coyi+ o+ Uy Coq_y + €y =Hyy /HY # 0.

We quote the following result from Vorobyev [8].

THEOREM 1.2. Let A: H—+ H be compact and z a regular value for
x=zAX + u, (u, € H). (1.7)
Then for n € N sufficiently large the equation
x,=zA,x,+ ug,

where A, is the solution of the moment problem (l1.1), has a solution
x, € U, = span(uy, Aug,..., A" " 'u,) and the sequence (x,) converges strongly
to the solution of (1.7) (i.e., lim,_ || x, — x|/ = 0).

The proof is based on the fact that lim,_ |4 —A4,]| =0. It is important that
4, < 4]

We restrict ourselves now to the case of a simple compact operator 4 and
to those regular values of z satisfying |z| < ||4]|~". Then the solution of (1.7)
is given by the Neumann series

X=uy+ zAuy+ 224Uy + - .
Now

(yugy=cy+c,z+cpzt + -,
In view of Theorem 1.1 we have

THEOREM 1.3. Let A be simple and compact and let the sequence (c,)5_,
of its moments be normal. Then the sequence of [n— 1/n), Padé approx-
imants to f(z) =Y. ,c,z" converges to f for all z satisfying |z| < ||A|~".
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Remark 1.2. On the rate of convergence the following result (see
Vorobyev |8, p. 36, Theorem VII]) is known:
For any real ¢ > 0 there exists a positive real number D, not depending on n,
such that

n

[lx —x,| < Dg".

Hence we have for the rate of convergence in our case

[y o) — (s o) <N x —x, 1 1o | < D | uoll g™ (1.8)

2.

Let A be a bounded linear operator with a normal sequence of moments
(Cu)neos Where ¢, = (A"uy, uy) (n=0, 1,...); uy € H. The operator 4 is no
longer assumed to be simple. Let (4,)5., be the sequence of linear operators
solving the moment problem (1.1).

Solving the equation in U, = span(ug, Augs..., A"~ 'uy),

X, =2zA,X, + g,

for any value of z regular with respect to 4,, we have
«© .
Xy gy = (I — 24,) " ug, Ug) = E, ez, (2.1)

i=0

We still have the relation (1.5), hence
(X thg) = R, _1(2)/S (2,

where R,_, and S, have degrees n— 1 and n, respectively. The Taylor
expansion of R,_,(z)/S,(z) agrees with > c;z' up through the term
¢,_1z2""'. For these “Padé-type” approximants we have

THEOREM 2.1. Let A: H— H be compact and the sequence (c,)-q of its
moments be normal. Then the sequence of Padé-type approximants
(R,_(2)/8 ,(2)) converges to 32, c;z" for all z satisfying |z| <||All"". B

Regarding the rate of convergence the same remark can be made as at the
end of Section 1.

Remark 2.1. If z is a regular value for 4 then

xX=zAx+w
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has a (unique) solution for every w € H. If we take w=u, we find, for the
Neumann series solution,

x=u,+ zAu, + 22 A%u + -+,
hence

n
CrynZ -

I8

(X, ug) =

n=0

Hence the result in Theorem 2.1 holds for all series ) .2 gciy, 2"
(k=0, 1,.).

3.

Let 4 be a bounded linear operator in A and let u, € H and assume that
the moments ¢, = {4 "u,, u,)» (n=0, 1, 2,...) form a normal sequence. If 4 is
not simple, orthogonal projections no longer lead to ordinary Padé approx-
imants. In order to obtain ordinary Padé approximants we have to resort to
oblique projections.

Let wu,=A"Ww, and v,=A*)"u,, (@©=0,1,2..) and put
U, = span(ugy,..., 4,_,) and V, = span(v,,..., v,_,). For each n we define a
linear mapping B,: U, U, by

Bu,=u if k=0,1,.,1—2,
k k+1 3.1)

and B,u,_,=u', if k=n-1,
where

u'y,=u,—P,(4)u,. (3.2)

It is obvious that then P,(B,)u,=0 (n=1,2,..). We see that z"P,(z"") is
the Padé denominator on the field (n — 1/n) in the ordinary Padé table for
2 oCpZ". An analysis as done in Section ! shows that Theorem 1.1 is a
special case of

THEOREM 3.1. Let A be a bounded linear operator in H and let u, € H.
Assume that the moments c, = {A"uy, u,) form a normal sequence and let
U, = span(uy, Aug,.., A" ‘uy) (n=1,2,..). Let the linear mapping
B,:U,— U, be defined by (3.1) and (3.2). Then, if x, € U, satisfies x, =
2B, x, + u, for any regular value of the complex parameter z, then {x,, u,) is
the [n — 1/n]| Padé approximant of the series 33> o ciz*. |1

640/35/3-5
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Since (P,(A)uy, P,(A*)u,)® , is a biorthogonal system in H we have
u,—up LV, (n=1,2,.). In fact u,=Q,u,, where Q,:H—- H is the
continuous linear projection with kernel V; and range U,. (The existence of
these projections follows from the normality of (c,)5> .

In the case that 4 is compact and that (||Q,[)., is bounded, a
modification of Vorobyev’s method, i.e., approximation of 4 by Q,40,,
gives similar convergence results of the Padé approximants as in the case
that 4 is simple, Now we drop the assumption that 4 is compact and that
(12,Ihx., is bounded, but instead we suppose that (u,)>_, is a (Schauder)
basis of H and that (S,);_, is the corresponding sequence of projections
(e, SO %20 &u,)=>"%0&u,). Suppose K is the corresponding basis
constant, so K = sup, || S,|l. Then we can extend the operators B, to all of H
by

Bu,=u.,, for k=n,n+1,... (3.3)

The fact that (u,) , is a basis guarantees us that B, is continuous. For each
x =) o &, in H we have

B, x=Ax—¢&,_ P, (A)u,, (3.4)
where
S =S,xl 2K
L o I P e
whence
2K || P, (Ao
12,6 < (141+ = (33)
and
Ilm—MKW (n=1,2,.). (3.6)
4.

In this section we consider the “operator moment problem”: Given a
function f, f(z)=3 . c,2z", co=1, can we find a bounded or even
compact linear operator 4 in the separable Hilbert space H such that
(A"ug,uy)=c¢, (n=0,1,2,..), for some u, € H?

It turns out that a bounded operator 4 can be found if the power series
3'® ,c,z" has a positive radius of convergence. The reverse also holds. A
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compact operator can be constructed if and only if f is meromorphic in the
whole complex plane and f(0) = 1.
In the sequel H =/, and (e, )5, is the unit vector basis of H.

Lemma 4.1. If (p, ), is a sequence of scalars such that
limsup, |p,|'" < 0o and sup,,|p,| >0, Vn, then there exists a scalar
sequence (a,)y., which satisfies

fee) 2
(l) 2 B"l < oo,
n=1 an
[+ o] 2
i) N (2| < o and
n=1 n

(iif) (f‘—t‘) is bounded.
a n=1

n

Moreover, if lim sup, |p,|"/" =0, then (iii) can be replaced by

(iv) limZztt—o,
n a

n

Proof. Let r,=sup(p/"*:k>n) and r=Ilim,r,. If we take
a, = ((n*+ 1) ri" —|p,|*)"?, then

a1 (n=1,2,..).
It is easy to verify (i), (ii) and (iii). If r = O then (iv) obviously holds. [

THEOREM 4.1. Let f(z)=>7_,c 2" have radius of convergence R. Let
co= 1. Then:

(&) There exists a bounded linear operator A in H such that
(A"ey,e0)=c, (n=0,1,2,..) if and only if R > 0.

(b) If R = oo then there is a compact linear operator A in H with
{A"ey, ey =c¢, (n=0,1,2,..).

Proof. If A is bounded and {4"¢,, e,) =c, (n=0, 1,2,...), then |c,|'" =
[{4"ey, €)' < ||4], so R > 0.
Conversely let R >0. We may assume that sup,,,|p] >0, Vn. By
Lemma 4.1 there is a sequence of scalars (a, )5 ; such that
oo} 2
1 X < @,
n=1

Cn
a,
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2

¢
2411 < oo and

a

@ 3

n

o
(3) (a—;ﬂ> is bounded if we have only R > 0, and
n=1

n

() 1im3;-+—'=0 if R = oo.

n

If Adey=c,eq+a,e, and Ae,=((cocnyy —CiCh)/a,) e~ (a)c,/a,) e +
(@, 41/0,) e, forn=1,2,., then 4", =c,e, + a,e, so that (4"ey,e,) =c,
for all n and it follows directly from (1), (2), (3) and (4) that 4 is bounded if
R >0 and that 4 is compact if R = oo, since the matrix of 4 with respect to
(e,)n, is given by

e, e, e, e,
d d d
e | ¢ : 2 =
a, a, a,
a,c, a,c, ac,
€, 1 -
a, a, a,
a,
e; | O = 0 0
a,
a
0 k]
a,
0 0
€ni1 . .. Cnyi
: «,
0

where d, =cyc,,, —c,¢, (n=1,2,..). 1

Remark 4.1. Let A be the operator constructed in the second part of the
proof of Theorem 4.1. If u, =A"¢, (n=0, 1, 2,...) and &, =u, /|| u|, then the
operator T: H— H defined by Te, =i, (n=0, 1, 2,...) is an isomorphism of
H. This means that (4,)>_, is a basis of H which is equivalent to (e, )i ,-
Hence the sequence (u,)5., is also a basis. However, if 4 is compact, then
(u,)o-, cannot be equivalent to (e,)5_, since in that case the shift operator
e,— e, in [, would be compact.
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THEOREM 4.2. Let ) % ,c,z" have a positive radius of convergence and
let ¢y = 1. Then the following are equivalent:

(a) There exists a compact linear operator A in H such that
(A"ey, €9y =c, (n=0,1,2,..).

(b) There is a meromorphic function f on C such that
f(2)=3"7 yc,z" in some neighborhood of 0.

Proof. (a)= (b). Let A be compact and suppose that {4"e,,e,)=c,
(n=20, 1, 2,...). Then the set of singular values for 4 is at most countable and
the only possible point of accumulation is z = 0. Moreover, the singular
values #oo for 4 are poles of the operator-valued function z - (I —z4) '
which is holomorphic on the set of regular values (see Dunford and
Schwartz [6, VIL.3.2 and VIL.4.5]), so z— (I — zA) ™' is meromorphic on C
and regular at z=0. Consequently f(z)={((I —zA4) 'e,,e,) is a scalar-
valued meromorphic function on C which, in addition, satisfies

f2)= Y (d*ey,ey= > ¢zt for |z|<|4|"
k=0 k=0
(b)= (a). Let f be meromorphic on C and let
[e¢]
f@=Y ¢z for |[z| <4, (> 0).
k=0

Then there exist entire functions g and 4 such that

_ 1 +zh(2)
fO=7—"F"7 22(2)

Put #(z) =Y o4, z* and g(z) =32 ,A,z* for all z€ C. Then it follows
from (4.1) that

forall ze& C\{poles}. 4.1)

Cnot =AuCot+Ay_101+ - + Ao, + 1, (n=0,1,2,.). (4.2)

We assume that f is not a rational function. This is certainly the case if the
sequence (c,)x., is normal. When g and A both reduce to polynomials, a
slight modification of the proof given here yields a finite dimensional
operator which generates the moments c,.

Let uy=ey, u;=cieg+e, and a,=1. If p,=|2, +p,| +|u,_}lu]l
(n=1,2,.), then lim,|p,|""=0 and for all n, sup,,,|pi|>0. By

Lemma 4.1 there is a sequence of scalars (a,);., satisfying

2
<o  and 1im3(';i=0. 4.3)

Pn

n

o0
N
e

n=2

n
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We extend u,, u, inductively to a sequence (u,);>, by

Upoy =W, +A)ug+A,_uy+ - +Au, +a,, e, (n=1,2,.) (4.4)

and we notice that this relation is also valid for n=0. As (u,)7, is an
independent sequence we can define the linear operator 4 in H by

Au,=u, (n=0,1,2,.). (4.5)

Then it follows from (4.4) and (4.5) that

Wi+ Ag_Dug+ A, quy + -+ Agu, +a,de, =u, |
=W, +A)ug+A,_u + - +Aou,+a,, e, for n=1,2,..,

and this implies |

1 a,
Aenza_[(ln +ﬂn)u0_/un_lul]+'a_+!'e"+| (n= 1, 29"')' (4'6)
n

n

Together with de,=c,e, + e, this gives, by (4.3) and the definition of p,,,
that 4 is compact. Furthermore we have (e,, e,) =1, (de,, e,) = ¢, and, by
induction, using (4.4) and (4.2),

(A"eys €)= (Uy, Uy)
=gy +Ap_Dug+ A, gy + oo+ A, +a,e,, Uy
=Wpoy + A1) Gt Agae o A, =c,, (1=2,3,.). 1

Remark 4.2. Theorem 4.2 shows that convergence resuits based on the
compactness of the operator are restricted to meromorphic functions.

Remark 4.3. It can be shown that in the above construction we have
uo=e, and wu,=c,e,+¢,_a:e,+¢, 0,6, + - +{a,e, (n=1,2..),
where the {, are given by 1/(1 —zg(z))=>.3 ,¢,z" in some neighborhood
of 0. It is easily seen from these relations that in this construction (u,);., is

in general not a basis of H.

Remark 4.4. 1If the elements of the sequence (c,)., are of the special
form ¢, =32 ,a%|&|% where 32 o |&]? < oo, then the operator moment
problem has a very simple solution.

If we define Ade,=a,e, (n=0,1,2,.) and wuy=32,&e,, then
A Uy uyy=c, (n=0,1,2,...). Moreover

A is bounded < (a,)T ., is bounded
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nd

A is compact <> lima, =0.
n

Baker |1] remarked that the ¢, have this special form if f(z)=>"7_, c,z"
belongs to a certain class of meromorphic functions.

-~
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